Low-energy electrons near Dirac/Weyl nodal points mimic massless relativistic fermions. However, as they are not constrained by Lorentz invariance, they can exhibit tipped-over type-II Dirac/Weyl cones which provide highly anisotropic physical properties and responses, creating unique possibilities. Recently, they have been observed in several quantum and classical systems. Yet, there is still no simple and deterministic strategy to realize them since their nodal points are accidental degeneracies, unlike symmetry-guaranteed type-I counterparts. Here, we propose a band-folding scheme for constructing type-II Dirac points, and we use a tight-binding analysis to unveil its generality and deterministic nature. Through a realization in acoustics, type-II Dirac points are experimentally visualized and investigated using near-field mappings. As a direct effect of tipped-over Dirac cones, strongly tilted kink states originating from their valley-Hall properties are also observed. This deterministic scheme may serve as a basis for further investigations of intriguing physics associated with type-II Dirac/Weyl points.
Introduction
In condensed matters, low-energy electrons around two/three-dimensional (2D/3D) Dirac/Weyl points mimic massless fermions in high-energy physics.
However, since the stringent Lorentz invariance is absent in a lattice due to the breaking of continuous rotational symmetry [1] , their two/three-dimensional (2D/3D) Dirac/Weyl cones can be tilted, which is first noted in various Dirac materials such as strained graphene [2, 3] . If the tilt becomes strong enough to tip over the cones in a specific direction, type-II Dirac/Weyl points (DPs/WPs) arise, with the nodal points, originally isolated (Fermi surface of type-I DPs/WPs), becoming contacts of electron-like and hole-like Fermi pockets [4] [5] [6] [7] [8] [9] [10] [11] . Such topological transitions of the Fermi surfaces lead to highly anisotropic optical [6, 10] , magnetic [5, 11] , and electrical [7, 8] properties. In fact, this topological transition are not unique to band structures of electronic materials, and should be realizable for any type of Bloch modes. Very recently, they have been proposed in classical systems [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , and experimentally demonstrated [16, 17, 20] . However, as accidental degeneracies, 2D type-II DPs, if exist, will only emerge at hardly predictable low-symmetry points in the reciprocal space, and they still lacks generally applicable design strategies, not to mention the more complicated 3D type-II WPs. In contrast, type-I DPs are guaranteed to exist at corners of the first Brillouin zone (FBZ) using triangular, honeycomb, or kagome lattices [22] . This property serves as a basis for further researches of many (pseudo)relativistic and topological phenomena associated with type-I DPs, such as the Klein tunneling [23, 24] , the Zitterbewegung effect [25] [26] [27] , and various topological insulators [28] [29] [30] [31] [32] [33] [34] .
In this work, to provide type-II DPs such a simple and robust platform for further researches, we introduce a deterministic construction scheme based on the band-folding mechanism [28] , with its physics illustrated using a general tight-binding model. A direct experimental realization in acoustics are demonstrated, in which sonic crystals comprising bow-tie shaped holes are investigated using near-field mappings. The dispersions of the type-II DPs are clearly resolved, featuring the deterministic contacts between electron-like and hole-like Fermi pockets. Strongly tilted valley-Hall kink modes, a direct manifestation of tipped-over Dirac cones, are also directly observed. The experimental results achieve quantitative agreement with theoretical and numerical predictions. The deterministic scheme could serve as a basis for investigating (pseudo)relativistic and topological phenomena of type-II DPs, and may boost more systematic designs of (synthetic) type-II WPs.
Results
We begin explaining our scheme from a sonic crystal as shown in Fig. 1(a) . It comprises bow-tie shaped holes (details in the inset), arranged in a rectangular lattice, drilled on an acoustic-hard plate immersed in air. A primitive cell of the sonic crystal is denoted by the shaded green region. The first resonant mode of each single hole is an s-orbital cavity mode, anisotropic because of the bow-tie shape [18] . Polaritonic couplings [35, 36] between plane waves and these s-orbital cavity modes give rise to spoof surface acoustic wave (SSAW) modes, forming the 1st band of the sonic crystal (see Fig. S1 in Supplementary Material [37] ). Conveniently, we choose following geometric parameters, lattice constants a x /2 = 12.5 mm and a y = 16 mm, depth of holes h = 10 mm, and bow-tie shape l x = 7 mm, l y = 14 mm, w = 3 mm. Then, if we deliberately consider an enlarged unit cell (shaded orange region in Fig. 1(a) ) comprising two primitive cells, the 1st band will be folded back [28] . The nominal "1st" and "2nd" bands are degenerate along the XM-direction ( Fig. 1(b) ), since it is exactly the fold line in the reciprocal space ( Fig. 1(c) ). Such degeneracy could serve as the basis for constructing type-II DPs, if we could lift the degeneracy along the line except a single point. The first step is to transform the enlarged unit cell into a "real" primitive unit cell. We decompose the enlarged unit cell into two sublattices, left holes A and right holes B (see inset in Fig. 1(b) ), and rotate each hole in sublattice A with 90° ( Fig. 1(d) ). Subsequently, the band structure ( Fig. 1(e) ) shows that the 1st and 2nd bands now only touch linearly at midpoint D(π/a x , −π/(2a y )) of the XM-direction, where a type-II DP emerges at the frequency f D = 6.39 kHz, as highlighted by the green dashed rectangle. Due to time-reversal symmetry, they will also touch at the inequivalent D'(π/a x , −π/(2a y )) point, and the inset in Fig. 1(e) summarizes their distribution. The 3D band structure around D point ( Fig. 1(f Brillouin zone is topologically equivalent to a torus [38] .
Before investigating the mechanism, we first perform near-field mappings with 3D-printed samples to confirm our findings (experiment setup in Fig. 2(a) , see Note S11 for details). From Fourier transforms of the mapped pressure fields, the Fourier spectra along high-symmetry directions in the reciprocal space are retrieved ( Fig.   2(b) ). The bright strips signify the SSAW modes excited in experiments [39, 40] , whose dispersions agree excellently with the simulated one (green dots). Further, Fourier spectra in the whole Brillouin zone are stacked with increasing frequency (Fig.   2(c) ), where the bright strips indicate the iso-frequency contours (IFCs) of the sonic crystal. The numerically calculated IFCs at corresponding frequencies are plotted for reference ( Fig. 2(d) ), and their evolutions agree quite well: when frequency increase, the number of closed IFCs, that is, Fermi pockets [1] , changes from 1 to 2, and finally to 1 again. Amidst this transition, type-II DPs emerge as the contacts between the "electron-like" (1st band) and "hole-like" (2nd band) Fermi pockets [9, 14, 16, 18] .
To analytically investigate the mechanism, we employ a tight-binding model ( Fig.   3(a) ) since the s-orbital SSAW modes are well localized. We first only consider nearest-neighbor (NN) hoppings, including x-direction t x , and y-direction t yA and t yB .
From Fourier transforms on tight-binding Hamiltonian in the real space (see Note S11), we obtain the Hamiltonian H(k) in the reciprocal space 
where ω 0 is the on-site angular frequency of both sublattices, and k = (k x , k y ) is the 
where the sign + (−) denotes the 2nd (1st) band, and parameters v x = t x a x , v ys = t ys a y , and v yd = t yd a y characterize anisotropic group velocities (see Note S11 for fitting of the parameters [37] ). As established in Eq. (3), which agrees well with numerical dispersions (Figs. 3(b) and 3(c) ), the type-II DP is fixed at both deterministic location (D point) and frequency (ω 0 ). The conclusion, due to the mirror symmetry and identical on-site frequencies, is still valid after taking into account next-nearest-neighbor hoppings (see Notes S4 and S5).
To ensure this simple model has captured the essence of the deterministic scheme, we consider another sonic crystal comprising coupled resonant cavities [33] . Under similar perturbations, it also realizes type-II DPs (see Note S3 and Fig. S3 ). Therefore, if the bands of a rectangular (or square) lattice with mirror symmetry are twice folded along one direction, a strong tilt naturally arises at the corresponding FBZ boundary.
Then, a pair of mirror-symmetry protected type-II DPs can emerge around midpoints of the FBZ boundary once we detune NN hoppings along the orthogonal "unfolded" direction for each sublattice.
FIG. 3. Tight-binding analysis of band-folding mechanism.
(a) Tight-binding model of the sonic crystal in Fig. 1(d) . S6 and Note S8 [37] ).
For further corroboration, we examine a direct effect of the tipped-over Dirac cones: valley-Hall kink states (VHKSs), induced by localized Berry curvatures of gapped type-II DPs, are so strongly tilted that they propagate along the same direction at each "valley" when hosted in opposite supercells. They may be termed type-II VHKSs to distinguish from type-I VHKSs induced by gapped type-I DPs [29, 32, 42, 43] , which propagate along the opposite directions when hosted in opposite supercells. To create type-II VHKSs, we first introduce perturbations breaking mirror symmetry Σ A which protects type-II DPs. Simply, we shift sublattice B with a displacement δr = (δx, 0), which introduces a hopping difference δt x in x-direction ( Fig. 3(d) ), resulting in a mass term (see Note S6). We label a unit cell as type-P (type-N) if δx > 0 (δx < 0). The two opposite shifts δr = (±δx, 0) lead to identical band structures but opposite valley-Hall properties. Without loss of generality, we focus on the representing cases δx = ±1 mm. Again, the tight-binding model correctly depicts the band structure around D point (Fig. 3(e) ), featuring a partial bandgap (see also Fig. S4 ). Then, we calculate their 1st-band Berry curvatures Ω z,− using a tight-binding
Hamiltonian including the hopping difference (see Note S8). Anisotropic peaks emerge around D/D' point ( Fig. 3(f) ), where they can be approximated as (see Note
, in which Δ p = 2δt x , and the sign + (−) corresponds to D (D') point. Since the Berry curvatures are localized, it is possible to define half-quantized valley-Chern numbers [16, 29, 42] around D/D' point on half of the FBZ (HFBZ)
which is +1/2 (−1/2) for type-P (type-N) at D point, and reversed at D' point (see Note S8). For type-II VHKSs, the positive (negative) differences of valley-Chern numbers indicate faster (slower) propagations, instead of forward (backward) propagations for type-I VHKSs [29, 42] (see Note S9 for derivations).
We then construct two possible supercells comprising a kink running along y direction, which we refer to as PN-configuration (Fig. 4(a) ) and NP-configuration (Fig. 4(b) ). Obviously, NP-configuration is the opposite of PN-configuration, and they cannot be transformed into each other through an SO(3) operation. As shown in their projected band structures (Fig. 4(c) ), strongly tilted type-II VHKSs emerge in the partial bandgap, and their pressure fields (Figs. 4(d) and 4(e)) both demonstrate exponential decay profiles in the bulk domains (see Fig. S7 for detailed distributions).
They also exhibit sublattice polarizations with their pressure fields almost exclusively localized in sublattice A or B (see Note S9 for derivations). 
FIG. 4. Observation of type-II valley-Hall kink states (VHKSs

Discussion
In this work, we propose and experimentally confirm a deterministic scheme for type-II DPs based on the band-folding mechanism. Realized in acoustics, the scheme is further understood through a general tight-binding model, and is potential to inspire construction and utilization of type-II DPs in other research areas, such as electronic materials and coupled photonic waveguides, which may lead to exotic phenomena and properties. The deterministic scheme may serve as a platform for investigating classical topological phenomena in the context of type-II DPs, including the Klein tunneling [23, 24] , the Zitterbewegung effect [25] [26] [27] , synthetic Landau levels [34] and non-Hermitian physics [31] . It may also inspire more systematic designs for type-II WPs in 3D space. Moreover, by introducing an additional parameter, the scheme directly lead to type-II synthetic WPs (see Note S10). If more parameters are introduced, it could enable constructions of peculiar topological defects occurring at higher synthetic dimensions beyond the real space, and open the door for further researches.
